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ABSTRACT
This study focuses on the crawling problem, i.e., keeping knowledge

up to date where the information being studied may change over

time. Examples of crawling include web crawling, where search

engines aim to maintain a cache of the latest versions of web pages

and, as a running example in this paper, detecting changes in the

opening hours of parks on a map. Previous research on crawling

often treat the objects as independent, despite all the connections

and interactions they may have with one another. We propose us-

ing a graph structure to model the relationships between these

objects and to better capture the influence of one object on another.

We show that in the worst case, it is impossible to learn anything

interesting in polynomial time, even though there exists a learnable

structure that can be discovered in exponential time. This impos-

sibility result motivates us to consider specific stochastic process

models. We then introduce a more concrete graphical model called

the latent Bernoulli process model. We show that even the prob-

lem of selecting the best object in the final step is #P-complete.

To solve the crawling problem with a graphical structure, we pro-

pose a reinforcement learning-based algorithm, evaluate it, and

compare it to strong baselines using real and synthetic data. Our

experimental results show that the reinforcement learning-based

algorithm outperforms the baselines. Additionally, we validate the

intuition behind graph-structured crawling through experiments

on real data.
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1 INTRODUCTION
In traditional supervised active learning [6, 12, 18, 19], the learner

aims to predict labels of examples, based on the previously queried

and revealed labels. While the label may be stochastic, it is invariant

in time, i.e., once it is drawn from the underlying distribution and

added to the training or test dataset it does not change. In real

world problems, there are many scenarios where the label can

change over time. The crawling problem focuses on those with

such renewal property [2–5, 14, 15, 17]. The main objective of

crawling is to keep our knowledge up-to-date in an environment

where information becomes outdated if not queried repeatedly. One

important example of crawling is web crawling. In order to match

up-to-date web content to a user’s query, search engines need to

maintain a cache of the latest versions of web pages even tough

they constantly change. As an another example, consider an online

geographical information platform (such as Google Maps, Yelp, etc.)

that provides the opening hours of parks around the world and rely

on crowdsourcing to obtain this information. These opening hours

can change seasonally, due to holidays and unexpected events like

the COVID-19 pandemic, and because of regular maintenance.

In both web crawling and detecting changes in opening hours,

one needs to keep track of a large number of objects. In web crawl-

ing, these objects are the content of web pages. In detecting the

changes in opening hours example, the objects are the opening

hours of parks around the world. Previous studies often treat these

objects as independent, but this is generally not true. For example,

when breaking news occurs, the web pages of most mainstream

media outlets report it, causing a group of news websites to update

their pages at the same time. Similarly, during a pandemic, parks

in a certain area are likely to change their hours together or at

the beginning of winter, it is common for parks to change their

hours. In Figure 1, we provide an example of how parks, which

have strong connections with each other, may change their hours

together during the winter season, while restaurants, which are

not as strongly connected to parks but are strongly connected to

each other, may not change their hours during the winter.

In this paper, we study the problem of crawling, i.e., keeping

knowledge up to date where the information being studied may

change over time. Crawling is relevant in a variety of contexts,

including web crawling, where search engines seek to maintain a

cache of the latest versions of web pages, and detecting changes in

the opening hours of parks in a geographical information platform

like Google Maps. In this work, we propose using a graph structure

https://doi.org/10.1145/nnnnnnn.nnnnnnn
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Parks change hours 
in winter

Restaurants do not 
change hours

Figure 1: An example of how parks, which are strongly con-
nected to each other, may change their hours collectively
during the winter season, while restaurants, which are not
as strongly connected to parks but are strongly connected
among themselves, may not change their hours during the
winter.

to model the interactions between the objects being studied in

order to better capture the influence of one object on another in a

crawling scenario. Our main contributions are as follows:

• We formally define the problem of graph-structured crawling,

taking into account the correlation of updates of objects in a

graph. To the best of our knowledge, this is the first work

to consider the graphical structure underlying a crawling

problem.

• We show that in the worst case it is impossible to learn

anything interesting in polynomial time, while there exists

a learnable structure hidden in the process that requires an

exponential time to be discovered.

• We introduce the latent Bernoulli process model, which al-

lows us to capture relationships between objects in a crawl-

ing scenario. However, we also demonstrate that even the

problem of selecting the best object in the last step under

this model is #P-complete. Additionally, We propose a dy-

namic programming solution for the crawling problem in a

latent Bernoulli process model and provide insight on how

to efficiently implement it through sampling.

• We verify the intuition behind graph-structured crawling

that observing an update in an object increases the likelihood

of finding updates in its neighboring objects.

• We propose a reinforcement learning-based (RL-based) al-

gorithm to solve the crawling problem and show that it

outperforms strong baselines on real and synthetic data.

The rest of the paper is organized as follows. In Section 2, we

provide a review of related work on the crawling problem. In Sec-

tion 3, we introduce a graphical model to capture the relationships

between the objects being studied. In Section 4, we show an impos-

siblity result for the general problem. In light of this impossibility

result, we introduce the latent Bernoulli process model in Section 5.

We present the hardness of the problem of selecting the best object

in the last step under this model in Section 5.1. To tackle the crawl-

ing problem with a graphical structure, we propose an algorithm

based on reinforcement learning (RL) in Section 6 and evaluate

it through experiments on real data in Section 7. Additionally, in

Section 7 we also test the validity of the intuition behind graph-

structured crawling using real data. Finally, Section 8 concludes the

paper.

2 RELATEDWORK
Cho and Garcia-Molina [7, 8] proposed various refresh policies

and studied their effectiveness. The authors first formalized the

notion of freshness of copied data by defining two freshness met-

rics and proposed a Poisson process as the change model of data

sources. Based on this framework, the authors examined the ef-

fectiveness of the proposed refresh policies both analytically and

experimentally. Cho and Garcia-Molina [9] focused on the prob-

lem of estimating the Poisson rate in the Poisson model that they

employed to characterize webpage updates. Azar et al. [2] formally

defined the optimization problem for finding a stationary policy for

both discrete-time and continuous-time settings under the request

rate model and the utility model. The goal was to determine the op-

timal request rate for each page to maximize the expected freshness.

Han et al. [11] utilized five base crawling algorithms, including the

one proposed by Azar et al. [2], and employed the multi-armed ban-

dit method to determine which base algorithm to use at each step

of the crawling process. Kolobov et al. [15] proposed an extension

to the results of Azar et al. [2], which considered the politeness

constraint on the rate at which pages can be requested from a given

host. For a survey of web crawling, see the work of Olston et al.

[17].

While the title of [22] may imply a similar problem, the authors

actually studied a different problem. They focused on how to crawl

and save an online social network in order to collect a large amount

of information such as contact lists, profiles, pictures, and videos.

The main difference between their work and the crawling problem

that we are interested in is that they aimed to create a mirror of an

online social network and save it to, say, a hard drive, while our

focus is on tracking updates to online content. In [10], the focus

was on a different problem involving an agent (referred to as a

spider) moving between nodes in a randomly growing web graph.

3 GRAPH-STRUCTURED CRAWLING
In this section, we introduce the concept of graph-structured crawl-

ing. Specifically, we formalize the correlations between the updates

of objects in a graph and define the crawling problem on such

graphs.

Updates of graph-structured objects. We use a counting process

to model the updates over time. Recall that a counting process

{𝑁 (𝑡)}𝑡≥0 is a stochastic process such that 𝑁 (0) = 0 and 𝑁 (𝑡) is a
right-continuous step function with jumps of size +1. Each jump of

𝑁 (𝑡) represents an update.

Let 𝑉 denote the set of objects of interest, and {𝑁𝑣 (𝑡)} be the
counting process of an object 𝑣 ∈ 𝑉 . We assume that the joint sto-

chastic process {𝑁𝑉 (𝑡)}𝑡≥0 ≜ {𝑁𝑣 (𝑡)}𝑡≥0,𝑣∈𝑉 has an (unknown)

joint distribution Pr(𝑁𝑣 (𝑡) : 𝑣 ∈ 𝑉 ), where a graphical model can

be introduced.

For example, we may assume that Pr(𝑁𝑉 (𝑡)) is a Markov ran-

dom field with its joint probability density being strictly posi-

tive [13]. In other words, if the objects form a graphical structure

𝐺 = (𝑉 , 𝐸), then (by the clique factorization characterization by
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the Hammersley-Clifford theorem)

Pr(𝑁𝑉 (𝑡)) ∝
∏

𝐶∈Cl(𝐺 )
𝜙𝐶 (𝑁𝐶 (𝑡)) , (1)

where Cl(𝐺) is the set of cliques of 𝐺 , 𝑁𝐶 (𝑡) = {𝑁𝑣 (𝑡)}𝑣∈𝐶 , and
𝜙𝐶 is called the clique potential.

For another example, we may also assume that Pr(𝑁𝑉 (𝑡)) is a
Bayesian network.

Crawling. In the crawling problem, a crawler interacts with an

environment consisting of a joint stochastic process {𝑁𝑉 (𝑡)}𝑡≥0.
At each query time 𝑡𝑖 (𝑖 = 1, 2, 3, . . . and 0 ≤ 𝑡1 < 𝑡2 < · · · )1,
the crawler selects an object 𝑣𝑖 ∈ 𝑉 and observes whether it has

changed since the last time the crawler queried it. The crawler’s

observation at time 𝑡𝑖 is given by

𝑜𝑖 = 1
{
𝑁𝑣𝑖 (𝐴(𝑣𝑖 , 𝑡𝑖 )) ≠ 𝑁𝑣𝑖 (𝑡𝑖 )

}
. (2)

where 𝐴(𝑣, 𝑡) is the time of the last query on 𝑣 prior to time 𝑡 (or 0

if 𝑣𝑖 has never been queried before), and is formally defined by

𝐴(𝑣, 𝑡) ≜ max

(
{0} ∪ {𝑡 𝑗 | 𝑣 𝑗 = 𝑣, 𝑡 𝑗 < 𝑡}

)
. (3)

The crawler’s reward at time 𝑡𝑖 is determined by the reward function

𝑟𝑖 = 𝑟 (𝑣𝑖 , 𝑡𝑖 ), which could either be equal to 𝑜𝑖 if the crawler only

cares about whether it hits an update at time 𝑡𝑖 , or

𝑟𝑖 = 𝑓

((
𝑡𝑖 − ⌈𝐴(𝑣𝑖 , 𝑡𝑖 )⌉𝑁𝑣𝑖

( ·)
)
+

)
(4)

if the crawler also takes into account the freshness of object 𝑣𝑖 at

time 𝑡𝑖 , where (𝑥)+ = max{𝑥, 0}, 𝑓 is a non-negative non-increasing
function, ⌈𝜏⌉𝑁𝑣 ( ·) ≜ sup {𝑡 ∈ (𝜏,∞) | 𝑁𝑣 (𝑡) = 𝑁𝑣 (𝜏)} is the next
jumping time of 𝑁𝑣 (·) at time 𝜏 .

The aim of the crawler is to maximize either the expected average

return over 𝑇 rounds, E[AR𝑇 ], if the game lasts for a fixed number

of rounds, or the expected limiting average return, E[AR∞], if the
game is ongoing indefinitely. The𝑇 -round average return is defined

as AR𝑇 = 1

𝑇

∑𝑇
𝑖=1 𝑟𝑖 , and the limiting average return is defined as

AR∞ = lim inf𝑇→∞ AR𝑇 .

4 AN IMPOSSIBILITY RESULT
In this section, we present a novel fundamental impossibility result

in crawling. Specifically, we demonstrate that in the worst case, it

is not possible to learn anything meaningful in polynomial time,

despite the presence of a learnable structure that requires expo-

nential time to uncover. Mathematically, we prove that there exists

a process model such that E[AR𝑇 ] ∈ 𝑜 (1) for any polynomial 𝑇 ,

while E[AR∞] = 1. This result motivates us to investigate specific

stochastic process models in the subsequent sections.

Theorem 4.1. Let us set the reward function

𝑟𝑖 = 𝑓

((
𝑡𝑖 − ⌈𝐴(𝑣𝑖 , 𝑡𝑖 )⌉𝑁𝑣𝑖

( ·)
)
+

)
(5)

as in equation 4 , where 𝑓 (𝑡) = 𝑒−𝑡 . For any algorithm, there exists a
process (unknown to the algorithm) over𝑛 objects such that E[AR𝑇 ] =
𝑜 (1) for any polynomial 𝑇 , while E[AR∞] = 1.

1
The crawler can choose the query time 𝑡𝑖 adaptively, potentially subject to a constraint

such as a minimum time between queries (𝑡𝑡+1 − 𝑡𝑖 ≥ 1), or the query times can be

pre-determined.

Proof. Pick a number 𝑘 such that 𝑘 ∈ 𝑜 (
√
𝑛) and 𝑘 ∈ 𝜔 (log𝑛).

Without loss of generality we assume that 𝑛 is divisible by 𝑘 . First

we define a mapping 𝜓 : 2
𝑛/𝑘 → 2

𝑛/𝑘
then we use this mapping

to define our process. To define𝜓 , for each binary number 𝑥 with

length 𝑛/𝑘 , we generate a random binary number 𝑦 of length 𝑛/𝑘
where 𝑘 of the bits of 𝑦 chosen uniformly at random are 1 and the

rest of the bits are 0, and we set𝜓 (𝑥) = 𝑦. We also define a function

𝜋 : 2
𝑛/𝑘 → 𝑘𝑘 , which maps each binary number 𝑥 of length 𝑛/𝑘 to

a random permutation of length 𝑘 . We use 𝜋𝑖 (𝑥) to refer to the 𝑖-th
element in the random permutation 𝜋 (𝑥). Note that even though𝜓

and 𝜋 are defined through a random process, after defining them,

each 𝑥 ∈ 2𝑛/𝑘 is mapped to a fixed𝜓 (𝑥) and a fixed 𝜋 (𝑥).
Now we are ready to define our process. Our process consists

of some phases and each phase consists of 𝑘 time-steps. We first

define how our phases evolve and then explain how the objects are

updated in each phase. Each phase corresponds to a binary number

of length 𝑛/𝑘 . The first phase corresponds to all zeros. If a phase

corresponds to 𝑥 the next phase corresponds to𝜓 (𝑥). Note that the
probability of observing a number twice, (i.e., fall in a loop) in the

first

(𝑛/𝑘
𝑘

)0.4
phases is at most

(𝑛/𝑘𝑘 )
0.4
×(𝑛/𝑘𝑘 )

0.4

(𝑛/𝑘𝑘 )
=
(𝑛/𝑘
𝑘

)−0.2
∈ 𝑜 (1).

In the rest we upper-bound E[AR𝑇 ] while we are not in a loop.

Now we explain how the objects are updated in each phase. We

refer to the objects as 𝑢𝑖, 𝑗 where 1 ≤ 𝑖 ≤ 𝑘 , and 1 ≤ 𝑗 ≤ 𝑛/𝑘 .
In the 𝑖-th time-step of phase 𝑥 , we set 𝑗𝑥,𝑖 to the index of the

𝜋𝑖 (𝑥)-th bit with value 1 in 𝑥 and update the object 𝑢𝑖, 𝑗𝑥,𝑖 . Note

that 𝑗𝑥,𝑖 is equivalent to a number chosen uniformly at random

form {1, . . . , 𝑛/𝑘} \ { 𝑗𝑥,1, . . . , 𝑗𝑥,𝑖−1}. Hence, conditioned on the

past, the probability that the algorithm queries the updated object

𝑢𝑖, 𝑗𝑥,𝑖 is at most
1

𝑛/𝑘−𝑖 . Similarly, the probability that the algorithm

queries an object that is updated in the past 𝑘 time-steps is at most

1

𝑛/𝑘−𝑖−𝑘 ≤
1

𝑛/𝑘−2𝑘 ∈ 𝑂
(
1√
𝑛

)
∈ 𝑜 (1). Moreover, if the algorithm

queries an object that is updated more than 𝑘 time-steps before,

its reward is 𝑒−𝑘 ∈ 𝑜 (1). Therefore, while the phases do not fall

in a loop, the expected reward of each query in 𝑜 (1) and hence

E[AR𝑇 ] = 𝑜 (1) as claimed.

Moreover, we know that there are

(𝑛/𝑘
𝑘

)
different types of phases.

Hence if we query an object 2𝑘
(𝑛/𝑘
𝑘

)
times, we observe that it falls

in a loop. Hence after 2𝑛𝑘
(𝑛/𝑘
𝑘

)
queries, we exactly know when

each object is updated. Since in each time-step exactly one object is

updated, after 2𝑛𝑘
(𝑛/𝑘
𝑘

)
queries, we can collect 1 reward per query

and hence we have E[AR∞] = 1, which completes the proof. □

5 LATENT BERNOULLI PROCESS MODEL
In this section, we introduce the latent Bernoulli process model to

capture various properties observed in real-world crawling scenar-

ios.

Discrete Time. To facilitate practical computation, we assume

that time is discrete, with updates to𝑁𝑣 (𝑡) occurring only at integer-
valued time steps.

Latent Bernoulli Process. A latent Bernoulli process𝑀𝑣 (𝑡) is as-
sociated with each object 𝑣 and is only updated at integer-valued

time steps. At each time step 𝑡 ∈ N, an update to 𝑀𝑣 (𝑡) occurs
with probability _𝑣 (𝑡) ∈ [0, 1]. The latent processes𝑀𝑣 (𝑡) are not
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𝑁1 (𝑡) 𝑁2 (𝑡)

𝑀1 (𝑡) 𝑀2 (𝑡)

𝑤 (1→ 1) = 1 𝑤 (1→ 2) = 1

Figure 2: Example of a latent Bernoulli process.

observable to us. The Bernoulli probability _𝑣 (𝑡) can be interpreted

as our prior belief that the object 𝑣 will experience an update at

time 𝑡 .

Related objects update simultaneously. The graph structure is

directed and weighted, and has self-loops. The weight 𝑤 (𝑢 →
𝑣) ∈ [0, 1] is the probability of the latent Bernoulli process𝑀𝑢 (𝑡)
influencing (transferring an arrival to) 𝑁𝑣 (𝑡). In other words, once

there is an arrival of 𝑀𝑢 (𝑡), the process 𝑁𝑣 (𝑡) receives an arrival

with probability𝑤 (𝑢 → 𝑣). Formally, we have

Δ𝑁𝑣 (𝑡) =
∨
𝑢

𝐵𝑢→𝑣 (𝑡)Δ𝑀𝑢 (𝑡) , (6)

where Δ𝑁𝑣 (𝑡) = 𝑁𝑣 (𝑡) −𝑁𝑣 (𝑡 − 1), Δ𝑀𝑢 (𝑡) = 𝑀𝑢 (𝑡) −𝑀𝑢 (𝑡 − 1) ∼
Ber(_𝑢 (𝑡)), and 𝐵𝑢→𝑣 (𝑡) ∼ Ber(𝑤 (𝑢 → 𝑣)).

Note that this is not a diffusion process over a graph. See an

example in Figure 2, where 𝑁1 (𝑡) and 𝑁2 (𝑡) have arrival whenever
𝑀1 (𝑡) has an arrival. The processes 𝑁1 (𝑡) and 𝑁2 (𝑡) receive this
arrival simultaneously. There is no diffusion from node 1 to node 2.

This captures the situation where related objects have an update

simultaneously.

Seasonality. So far, we have not specified the Bernoulli probabili-
ties of _𝑣 (𝑡) of the latent processes𝑀𝑣 (𝑡). The simplest assumption

is that _𝑣 (𝑡) = _𝑣 is constant for each object 𝑣 . However, this

cannot capture the seasonality of the environment of real-world

crawling problems. As we motivated in the introduction, parks

usually change their hours at the beginning of every summer and

winter. To this end, we assume that 𝑎𝑣 (𝑡) = log
_𝑣 (𝑡 )

1−_𝑣 (𝑡 ) ∈ R (there-

fore _𝑣 (𝑡) = 1

1+exp(−𝑎𝑣 (𝑡 ) ) is the logistic function of 𝑎𝑣 (𝑡)) follows
an autoregressive process AR(𝑝) [20]:

𝑎𝑣 (𝑡) = 𝜙𝑣 (0) +
∑︁
𝑖∈[𝑝 ]

𝜙𝑣 (𝑖)𝑎𝑣 (𝑡 − 𝑖) + 𝜖𝑣 (𝑡) , (7)

where {𝜖𝑣 (𝑡)} is white noise. Figure 3 illustrates an example of

AR(7) process whose period is 7.

Observation and reward. We define the reward function

𝑟 (𝑣, 𝑡) = 1 {𝑁𝑣 (𝐴(𝑣, 𝑡)) ≠ 𝑁𝑣 (𝑡)} (8)

=
∨

𝑖∈ (𝐴(𝑣,𝑡 ),𝑡 ]∩Z

∨
𝑢

𝐵𝑢→𝑣 (𝑖)Δ𝑀𝑢 (𝑖) . (9)

The observation of action 𝑣𝑡 at time 𝑡 is 𝑟 (𝑣𝑡 , 𝑡).

0 10 20 30 40 50
5

0

a v
(t)

0 10 20 30 40 50
0

1

v(t
)

(a) 𝑎𝑣 (𝑡 ) and _𝑣 (𝑡 )

0 10 20 30 40 50
0.25

0.00

0.25

0.50

0.75

1.00
Autocorrelation

(b) Autocorrelation function

Figure 3: An AR(7) process.

5.1 Hardness Result
In this subsection, we demonstrate the hardness of the problem

of selecting the optimal object, even in the final step, under the

latent Bernoulli process model. Specifically, we prove that it is

#P-complete by reducing it to the counting problem of vertex cover.

The SelectBestObject (SBO) Problem is given the input:

• A set of weights𝑤 (𝑢 → 𝑣) for each pair of objects 𝑢, 𝑣 ∈ 𝑉 ,

• A set of parameters _𝑣 (𝑡) for each object 𝑣 and time 𝑡 ∈
[𝑇 + 1],
• Queries 𝑣𝑡 made at each time 𝑡 ∈ [𝑇 ],
• Observations 𝑟 (𝑣𝑡 , 𝑡) made at each time 𝑡 ∈ [𝑇 ]

SBO involves finding the object that maximizes the expected value

of its reward at time 𝑇 + 1

argmax

𝑣∈𝑉
E [𝑟 (𝑣,𝑇 + 1) | 𝑟 (𝑣𝑡 , 𝑡), 𝑡 ∈ [𝑇 ]] . (10)

Even when the weights𝑤 (𝑢 → 𝑣) are binary and the observa-

tions 𝑟 (𝑣𝑡 , 𝑡) are fixed at 1, the SBO problem is hard to solve.

Theorem 5.1. The SBO problem is #P-complete, even when𝑤 (𝑢 →
𝑣) ∈ {0, 1} for every pair of objects𝑢, 𝑣 and 𝑟 (𝑣𝑡 , 𝑡) = 1 for all 𝑡 ∈ [𝑇 ].

Proof. Step 1: Show that SBO is not easier than computing the

value of

max

𝑣∈𝑉
E [𝑟 (𝑣,𝑇 + 1) | 𝑟 (𝑣𝑡 , 𝑡), 𝑡 ∈ [𝑇 ]] . (11)

We call the problem of computing the value of equation 11 the Com-

puteBestReward (CBR) problem. We shall show this by reducing

CBR to SBO. We augment the problem by adding a new object 𝑣†

to 𝑉 , resulting in an augmented object set 𝑉 † = 𝑉 ∪ {𝑣†}. We set

𝑤 (𝑣† → 𝑣†) = 1, _𝑣† (1) = _𝑣† , and _𝑣† (𝑡) = 0 for∀𝑡 = 2, 3, . . . ,𝑇 +1.
Then we have E

[
𝑟 (𝑣†,𝑇 + 1) | 𝑟 (𝑣𝑡 , 𝑡), 𝑡 ∈ [𝑇 ]

]
= _𝑣† . We have

argmax𝑣∈𝑉 † E [𝑟 (𝑣,𝑇 + 1) | 𝑟 (𝑣𝑡 , 𝑡), 𝑡 ∈ [𝑇 ]] = 𝑣† if and only if

_𝑣† > max𝑣∈𝑉 E [𝑟 (𝑣,𝑇 + 1) | 𝑟 (𝑣𝑡 , 𝑡), 𝑡 ∈ [𝑇 ]]. By varying _𝑣† (e.g.,
binary search), we can compute equation 11 up to an arbitrary pre-

cision.

Step 2. Reduction from ComputeBernoulliPosterior (CBP)
to CBR. We define the CBP problem below.

• Input: 𝐴 ∈ {0, 1}𝑚×𝑛 and 𝑏 ∈ {0, 1}𝑛 .
• Output: compute Pr𝑥∼Ber(1/2)⊗𝑛 [𝑏⊤𝑥 ≥ 1 | 𝐴𝑥 ≥ 1] where
Ber(1/2)⊗𝑛 is the distribution of a random vector whose en-

tries are independent Ber(1/2) random variables.

We createmax{𝑚,𝑛}+1 objects𝑉 = {𝑢0, 𝑢1, . . . , 𝑢max{𝑚,𝑛} } and
set 𝑇 =𝑚.
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We set 𝑤 (𝑢 𝑗 → 𝑢𝑖 ) = 𝐴𝑖, 𝑗 for all 𝑖 ∈ [𝑚], 𝑗 ∈ [𝑛], and set

𝑤 (𝑢 𝑗 → 𝑢0) = 1 if and only if 𝑏 𝑗 = 1. The 𝑤 values of all other

directed edges are all zero.

Moreover, set _𝑢𝑖 (1) = 1/2 for ∀𝑖 ∈ [𝑛], set _𝑢 (1) = 0 for

∀𝑢 ∈ 𝑉 \ {𝑢𝑖 }𝑖∈[𝑛] , and set _𝑢 (𝑡) = 0 for ∀𝑡 = 2, 3, . . . ,𝑇 + 1 and
∀𝑢 ∈ 𝑉 . We set 𝑣𝑡 = 𝑢𝑡 and 𝑟 (𝑣𝑡 , 𝑡) = 1 for 𝑡 ∈ [𝑚].

At time𝑇 +1, with probability 1,𝑢𝑖 (𝑖 ∈ [𝑚]) has no update since
last query at time 𝑖 (this is because _𝑢 (𝑖) = 0 for ∀𝑖 = 2, 3, . . . ,𝑇 + 1
and ∀𝑢 ∈ 𝑉 ). Any other object 𝑢𝑖 ( 𝑖 > 𝑚) has never been queried

and has no update since the very beginning with probability 1 (this

is because 𝑤 (𝑢 → 𝑢𝑖 ) = 0 for all 𝑖 > 𝑚 and 𝑢 ∈ 𝑉 . Therefore, all
objects {𝑢𝑖 }𝑖≥1 will have reward 0 at time 𝑇 + 1, and thus none of

them is optimal. Object 𝑢0 has never been queried either, and we

have

E [𝑟 (𝑢0,𝑇 + 1) | 𝑟 (𝑣𝑡 , 𝑡), 𝑡 ∈ [𝑇 ]] = Pr[𝑏⊤𝑥 ≥ 1 | 𝐴𝑥 ≥ 1] . (12)

Step 3.We reduce the problem of computing Pr𝑥∼Ber(1/2)⊗𝑛 [𝐴𝑥 ≥
1] to CBP, where Ber(1/2)⊗𝑛 represents the probability distribution

of 𝑛-dimensional binary random vectors whose entries are i.i.d.

Ber(1/2). It suffices to decompose Pr𝑥∈Ber(1/2)⊗𝑛 [𝐴𝑥 ≥ 1] into the

product of conditional probabilities

Pr[𝐴𝑥 ≥ 1] = Pr[𝑎⊤
1
𝑥 ≥ 1] Pr[𝑎⊤

2
𝑥 ≥ 1 | 𝑎⊤

1
𝑥 ≥ 1] (13)

· · · Pr[𝑎⊤𝑚𝑥 ≥ 1 | 𝐴1:𝑚−1,:𝑥 ≥ 1] , (14)

where 𝑎⊤
𝑖
is the 𝑖-th row of 𝐴 and 𝐴1:𝑚−1,: is the submatrix of first

𝑚 − 1 rows of 𝐴.
Step 4. We reduce the counting problem of vertex covers in

an undirected graph, �̃� = (�̃� , 𝐸), to the problem of computing

Pr𝑥∈Ber(1/2)⊗𝑛 [𝐴𝑥 ≥ 1]. To do this, we set 𝑚 = |𝐸 | and 𝑛 = |�̃� |
(thus 𝐴 ∈ R |�̃� |× |�̃� | ), and for every edge 𝑒 ∈ 𝐸 and vertex 𝑣 ∈ �̃� , we

define 𝐴𝑒,𝑣 = 1 if and only if vertex 𝑣 is incident to edge 𝑒 , and set

it to 0 otherwise. □

5.2 Dynamic Programming
In this subsection, we present a dynamic programming algorithm

in Algorithm 1 for solving the web crawling problem. The input

for this algorithm is a set of previously queried objects and their

corresponding rewards up to time 𝑡 − 1, and its objective is to

determine the optimal object to query for the 𝑡-th step. By reducing

the problem for the 𝑡-th step to the problem for the (𝑡 +1)-th step, it

breaks the problem down into smaller subproblems. The algorithm

can be applied by working backwards from a solution at the final

time step 𝑇 to solve the problem for each step up to 𝑡 , as long as

the horizon 𝑇 is finite.

Algorithm 1 DynamicProgramming (DP)

Input: {(𝑎𝑖 , 𝑟𝑖 ) |1 ≤ 𝑖 ≤ 𝑡 − 1}
1: 𝐻𝑡−1 ← {(𝑎𝑖 , 𝑟𝑖 ) |1 ≤ 𝑖 ≤ 𝑡 − 1}
2: 𝑝 𝑗 (𝑣) ← Pr(𝑟𝑡 = 𝑗 | 𝐻𝑡−1, 𝑣𝑡 = 𝑣), ∀𝑗 ∈ {0, 1}
3: if 𝑡 < 𝑇 then
4: 𝑞 𝑗 (𝑣) ← DP(𝐻𝑡−1, 𝑣𝑡 = 𝑣, 𝑟𝑡 = 𝑗), ∀𝑗 ∈ {0, 1}
5: else
6: 𝑞 𝑗 (𝑣) ← 0,∀𝑗 ∈ {0, 1}
7: end if
8: 𝑣 ← argmax𝑣∈𝑉 𝑝1 (𝑣) (1 + 𝑞1 (𝑣)) + 𝑝0 (𝑣) (0 + 𝑞0 (𝑣))
9: return 𝑣 and the maximum value

The randomness of the graph-structured process {𝑁𝑣 (𝑡)}𝑣∈𝑉 is

determined by the Bernoulli random variables Δ𝑀𝑢 (𝑡) = 𝑀𝑢 (𝑡) −
𝑀𝑢 (𝑡 − 1) ∼ Ber(_𝑢 (𝑡)) and 𝐵𝑢 → 𝑣 (𝑡) ∼ Ber(𝑤 (𝑢 → 𝑣)) for
all nodes 𝑢, 𝑣 in the graph and for all times 𝑡 ∈ [𝑇 ]. There are a
total of 𝑂 ( |𝑉 |2𝑇 ) such Bernoulli random variables. As a result, the

computation of 𝑝 𝑗 (𝑣) in Algorithm 1 requires summing over all

possible combinations of these Bernoulli random variables, and

therefore requires an exponential time complexity. Then the DP

algorithm is known to take exponential time as computing the

conditional probability in Algorithm 1 is an exponential process.

However, one can estimate the conditional probability by sampling.

The estimation will be accurate due to the concentration inequality

such as McDiarmid’s inequality because changing any one of the

Bernoulli random variables can result in only a small change in the

conditional probability. By taking the estimation error into account,

we can develop an approximation algorithm based on both the

dynamic programming and sampling techniques.

6 REINFORCEMENT LEARNING-BASED
CRAWLER

In this section, we propose a reinforcement learning-based (RL-

based) algorithm to solve the crawling problem. The algorithm

takes advantage of the central intuition that, once we observe an

update in an object, it is likely that we will also observe updates

in its neighbors. Therefore, we encode the previous observations

of the crawler into a state, and based on this state, the RL-based

crawler seeks to find the best object to query.

Designing history-encoding state. To design our state space, we

represent each object in the set 𝑉 as a row in a two-dimensional

array of shape |𝑉 | × 5. Thus the state space is S = ({0, 1} ×N×N×
R×R)𝑉 . The first column is binary and indicates whether an object

has been queried since the beginning of the crawling process (0 if

not queried, 1 if queried). The first column is initialized to all zeros.

The second column is a positive integer that denotes the number

of time units since the object was last queried and the outcome

was updated. Similarly, the third column is a positive integer that

denotes the number of time units since the object was last queried

and the outcome was not updated. The fourth and fifth columns

store historical observations, possibly with a decay factor (whose

value is between 0 and 1) applied over time. At each step, if an

object is queried and updated, its corresponding fourth column is

set to 100. If the object is queried but not updated its corresponding

fifth column is set to 100. If the object is not queried at all, the values

stored in its corresponding fourth and fifth columns are multiplied

by the decay factor.

At each step of the crawling process, the crawler selects an object

from the set 𝑉 to query for updates. The set of possible actions A,

represented as the action space, is equal to 𝑉 .

After choosing an object to query, the crawler observes the

outcome, which is binary (1 if the object has been updated since the

last query, 0 otherwise). As previously mentioned, the transition of

the state occurs as follows: the first column of the queried object

is set to 1, and if the outcome is updated, the second column is set

to 1 and the fourth column is set to 100, while the third column is

incremented by 1. If the outcome is not updated, the second column

is incremented by 1 and the fifth column is set to 100, while the
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third column is set to 1. For all other objects that were not queried

at this step, their second and third columns are incremented by 1. It

is important to note that the fourth and fifth columns of all objects

experience natural decay at the beginning of every step.

The policy of the crawler, denoted as 𝜋 (𝑣 | 𝑠), represents the
probability of choosing object 𝑣 at state 𝑠 . Given the initial state 𝑠1
and the policy 𝜋 , we can define the probability distribution 𝐷𝜋 (𝜏)
of the trajectory 𝜏 = (𝑠1, 𝑣1, 𝑟1, 𝑠2, 𝑣2, 𝑟2, . . . ), where 𝑠𝑖 is the state
at the 𝑖th step, 𝑣𝑖 is the object chosen by the crawler at the 𝑖th

step, and 𝑟𝑖 is the reward received at the 𝑖th step by choosing 𝑣𝑖 .

The return 𝑅(𝜏) for a given trajectory 𝜏 is defined as the sum of

all rewards received along the trajectory, with each reward being

discounted by a factor of 𝛾 raised to the power of the number of

steps since it was received: 𝑅(𝜏) = ∑
𝑖≥0 𝛾

𝑖𝑟𝑖 , where 𝛾 ∈ (0, 1). The
objective of the RL-based algorithm is to maximize the expected

return E𝜏∼𝐷𝜋 [𝑅(𝜏)].
In our proposed RL-based approach, we utilize the double Deep

Q-Network (double DQN) algorithm [21]. The discount value is set

to 𝛾 = 0.7, and we use a two-layer neural network with widths of

75 and 40 as our Q network and the target Q network.

7 NUMERICAL STUDIES
7.1 Datasets
We conduct experiments on the Beijing Multi-Site Air-Quality

Dataset [23] to evaluate the performance of the proposed RL-based

algorithm and verify the intuition behind graph-structured crawl-

ing. The dataset includes hourly air pollutant readings from 12

monitoring sites in Beijing, as well as matched meteorological data

from the China Meteorological Administration. The data covers the

period from March 2013 to February 2017, and we are interested

in tracking changes in the PM10, CO, and PM2.5 columns. In our

crawling scenario, there is an update every time the values for

PM10, CO, or PM2.5 exceed certain thresholds (800, 8000, and 100

respectively). In this dataset, each object represents an air quality

monitoring site in Beijing. The goal of the crawling algorithm is to

visit each site at each step and capture any changes in the values

of PM10, CO, and PM2.5 at that site. The algorithm must be able

to detect and record any updates to these values to maintain an

accurate and up-to-date understanding of the air quality in Beijing.

We also examine the proposed RL-based method on the latent

Bernoulli model using a graph structure generated by an Erdős-

Rényi model with |𝑉 | = 10 nodes and an edge probability of 3/(|𝑉 |−
1) = 1/3. The probability of transferring updates from the latent

Bernoulli process to the exposed process is fixed and sampled from

a Beta distribution Beta(7, 3). Additionally, for neighboring nodes,
the probability of transferring updates is also fixed and sampled

from a Beta distribution Beta(3, 15). The rate of the latent Bernoulli
process is fixed and sampled from a Beta distribution Beta(2, 30).

7.2 Verification of Intuition behind
Graph-Structured Crawling

We aim to verify the intuition behind graph-structured crawling,

which suggests that updates in an object’s neighbors are likely to

occur following an update in the object. To test this, we use the

Beijing Multi-Site Air-Quality Dataset. For each pair of monitoring

sites 𝑢 and 𝑣 , we measure the delay in transferring an update from
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Figure 4: A scatter plot illustrating the correlation between
the average delay in transferring updates and the distance be-
tween monitoring sites in the Beijing Multi-Site Air-Quality
Dataset. The left and right panels depict the results for up-
dates of CO and PM2.5 respectively, when the threshold is ex-
ceeded. A regression line is also shown, which demonstrates
a positive correlation between the distance and average de-
lay, thus supporting the intuition behind graph-structured
crawling.

𝑢 to 𝑣 by calculating the time difference between an update at𝑢 and

the next update at 𝑣 . We then compute the average delay for each

pair of sites and plot a scatter plot in Figure 4, with the horizontal

coordinate representing the distance between the sites and the

vertical coordinate representing the average delay. A regression

line is also plotted. The results show a positive correlation between

distance and average delay, indicating that updates in closer sites

are more likely to occur simultaneously.

7.3 Performance Evaluation of Crawling
Algorithms

We compare the RL-based algorithm to two baseline algorithms:

Exp3 [1, 16], an adversarial bandit algorithm, and a variant of the

active covering algorithm (AC) [12]. The original active covering

algorithm is not suitable for use in the crawling problem, as it as-

sumes that the label does not change once it has been revealed.

However, in a crawling scenario, the label may change whenever

there is an update. Therefore, we modified the original active cov-

ering algorithm to better suit the needs of the crawling problem

by taking into account the possibility of label changes. We imple-

mented a periodic restart of the active covering algorithm once all

objects have been queried. At the time of the restart, all objects are

marked as unqueried and the algorithm begins from the start. This

allows us to continually update our knowledge of the objects as

new information becomes available.

To evaluate the performance of the RL-based algorithm and the

baselines, we calculated their hitting rates. The hitting rate for a

crawling algorithm is the percentage of queries that result in an

update to a site since the algorithm’s last query of that site. This
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Figure 5: The chart illustrates the performance comparison
of the RL-based algorithm with the baselines in terms of
hitting rate. The LBM column represents the results for the
latent Bernoulli model.

metric allows us to measure the efficiency of the algorithms in

detecting and recording changes in the objects being studied. A

higher hitting rate indicates that the algorithm is more effective at

discovering updates and maintaining an up-to-date understanding

of the objects. We present the results of our experiments in Figure 5

and provide more detailed numerical results, including standard

deviations, in Table 1.

In all three tasks of tracking PM10, CO, and PM2.5, the RL-based

algorithm consistently outperforms the other algorithms in terms

of hitting rate. In the tasks of tracking PM10 and CO, the RL-based

algorithm shows a particularly strong advantage, with hitting rates

of 63.6% and 40.1% respectively. This is significantly higher than the

hitting rates achieved by Exp3, which are 48.6% for PM10 and 22.4%

for CO. For PM10, the RL-based algorithm is 31% better than Exp3,

and for CO, it is 79% better. In addition, the standard deviation of

the RL-based algorithm is smaller than that of Exp3 in both tasks.

The smaller standard deviations of the RL-based algorithm also

suggest that it is more stable and reliable than the other algorithms.

In the task of tracking PM2.5, while the hitting rates of the RL-

based algorithm and Exp3 are closer, the RL-based algorithm still

outperforms Exp3 by roughly one standard deviation. Its standard

deviation is again smaller than that of Exp3. Both the RL-based

algorithm and Exp3 significantly outperform the variant of the

active covering algorithm in this task. The results for the latent

Bernoulli model also show that the RL-based algorithm outperforms

Exp3 in terms of both the hitting rate and the standard deviation of

the hitting rate.

8 CONCLUSION
In this study, we addressed the problem of crawling in dynamic

environments, where labels or information can change over time.

We proposed using a graph structure to model the relationships

between objects to better capture influence in a crawling scenario.

We showed that it is impossible to learn in polynomial time in

worst case, and a exponential time algorithm is needed to find

the structure. We then proposed a reinforcement learning-based

algorithm and evaluated its performance on real and synthetic data,

showing its effectiveness in solving the crawling problem. We also

Task Algorithm Hitting rate Std

PM10

RL 63.634% 0.353%
Exp3 48.63% 1.342%

AC 17.528% 0.419%

CO

RL 40.079% 0.523%

Exp3 22.426% 1.366%

AC 8.96 % 0.434%

PM2.5

RL 52.847% 0.198%
Exp3 52.426% 0.533%

AC 15.762% 0.627%

LBM

RL 48.238% 0.142%
Exp3 47.226% 0.889%

Table 1: Hitting rate and standard deviation of the RL-based
algorithm and the baselines. The LBM rows represent the
results for the latent Bernoulli model.

verified the intuition behind graph-structured crawling using real

data.
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